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INTRODUCTION 

The purpose of this r epor t  is to  examine i n  some detail  the 

existing methods and theories  f o r  calculating heat t r ans fe r  i n  separa ted  

flow over a back s tep  (modifying them i f  possible to  give bet ter  resu l t s ) ,  

and to  compare these r e su l t s  with measui-ed values.  

theories  were  examined, modified, discussed,  and compared with experi-  

menta l  data until the bes t  correlat ion with experimental  resu l t s  was found. 
3 The heat t ransfer  theories  under consideration were  those of Kors t  , Page 

and Dixon2, and Chapman1 5. 

difficult t o  find, s o  that the comparison of analytic values with experi-  

mental  is not extensive. However, s e v e r a l  sources  were  found (Refer-  

ences  6, 7 ,  8, and s) ,  and these were used as the bas i s  for judging the 

accuracy  of the theoret ical  models. 

To do this ,  s e v e r a l  

Appropriate experimental  data was extremely 

1 



DISCUSSION OF THEORETICAL MODEL 

GENERAL DESCRIPTION O F  THE FLOW MODEL 

Kors t ' s  basic turbulent flow analysis  can be applied to  the problem 

of calculating the heat t ransfer  t o  the base  of a backward facing s tep  o r  the 

base  of a wedge o r  cylinder.  Since the basic  equations and assumptions of 

Kors t ' s  theory a r e  given in  detail  i n  s e v e r a l  other re ferences  (References 3 ,  

5 ,  and 1 0 )  only a brief review of his flow field analysis will be presented 

he re .  

The basic flow model i s  shown in  Figure 1. The flow is divided 

into th ree  sections:  (a)  a frictionless f r e e  s t r eam,  (b)  a dissipative layer ,  

and ( c )  a base region formed by the separat ion of the boundary layer  due to 

a sudden recess ion  of the guiding wall. 

sonic flow a Prandtl-Meyer expansion occurs  in  the f r ee  s t r e a m  f r o m  1 to  

2. 

At the end of the f r e e  je t ,  wall  reattachment ( symmetr ica l  impingement 

with another s t r e a m )  and recompression takes  place. 

t o  undergo a n  oblique shock f r o m  3 to  4. 

p r e s s e d  updn the viscous layer by  the adjacent f r ee  s t r eam.  

Since this is a case  of super -  

In region 2 ,  constant p r e s s u r e  ac ross  the je t  mixing region is assumed.  

The flow i s  assumed 

The p res su re  in region 4 is im-  

The "j" s t reaml ine  divides the amount of m a s s  passing over the 

c o r n e r  a t  1 f r o m  that m a s s  flow entrained by the viscous action of the f r ee  

je t .  The "d" s t reaml ine  i s  called the discriminating s t reaml ine ,  and i t  is 

the s t reaml ine  which has  just  sufficient kinetic energy a t  3 t o  penetrate the 

p r e s s u r e  r i s e  to  4.  

and en te r  the recompress ion  zone 4 with a finite velocity. 

below have lower kinetic energies  and a r e  unable to penetrate the oblique 

shock separat ing 3 f r o m  4. These s t reaml ines  a r e  turned back to  c i r cu -  

la te  i n  the base  region. If there  is no secondary flow, the conservation of 

m a s s  in the base region requi res  that  the j and d s t reaml ines  be identical. 

Streamlines  above this one have higher kinetic energ ies  

Streamlines  

2 
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JET MIXING ANALYSIS 

F o r  the genera l  ca se  of two-dimensional je t  mixing at constant 

p re s su re ,  two coordinate sys tems are  utilized ( s e e  Figure 2 ) .  

boundary of the "corresponding inviscid jet" ( s ame  terminology as used 

in References 3 ,  4, 5, and 1 0 )  forms the coordinate sys tem (X,  Y).  A 

second s e t  of coordinates (x, y )  called "intrinsic coordinates" a r e  defined 

for %he viscous je t  mixing region. 

the mixing region so that y = 0 a t  u = - uza. 

The j e t  

The x axis  is aligned with the center  of 
1 
2 Consequently, 

x = x  

Y = y - ym(x) with ym(0) = 0 . 

The coordinate shift ym(x) can  be determined by writing the momentum 

equation in  the direction of the s t ream.  

By making suitable assumptions ( s e e  Reference 3 )  the equation of 

motion for  a plane-flow, constant-pressure mixing region can  be l inearized 

and  expressed  i n  the intr insic  coordinate sys t em as 

where E i s  the apparent kinematic viscosity. 

l e s s  var iables  

By introducing the dimension- 

where h 2  i s  the thickness of the mixing region at section 2 ,  the equation 

of motion becomes 

If we a s sume  that E is proportioned to  u a  x (Reference 13),  we can write 

E = C' u2a X =  C' u2a + 62  . ( 3 )  

4 
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Equation 2 now becomes 

A new variable 6 is defined by 

and + 
n 

0 

Equation 4 can  now be simplified to  

By using the appropriate  boundary and init ial  conditions (Reference 3 )  

Equation 6 can be integrated t o  yield the velocity profile solution 

and rl = 5 rip. 1 where  y = - 
2 *  

For positions far downstream of the separat ion co rne r  o r  for  ve ry  

thin oncoming boundary layers  

This r e su l t s  in 6 +a and qp 3 0. 

must b e  rewr i t ten  in  the following way: 

Since q = 5 qp is now undetermined, it 

6 



where 

u i s  called the jet-  spreading parameter  and is determined experimentally. 

Several  experimentally determined functions for (r a r e  in  general  use today. 

The two values most used are: 

u = 12 f 2.758 Mza (References 2 and 5) (7 )  

and 

(8)  

( 9  1 

2 2 o = 47. 1 C2a for  Cza > 0. 23 
(References 11 and 12) 

2 
u = 11 f o r  CZa < 0. 23 

Since these equations a r e  empir ical  they should be used with care .  

velocity profile solution now becomes 

The 

Although this profile is for  fully developed flow only, it gives reasonable 

resu l t s  for  most  pract ical  cases .  

th$s a r e a  has used this simplification. 

res t r ic ted  to the case  where Equation 7 adequately represents  the mixing 

profile. 

Almost a l l  the theoretical  work done in 

Consequently this report  will be 

7- E M PE R A  T UR E PRO FI L E 

For  an apparent turbulent Prandtl  Number of 1 the velocity profile 

can be related to  the temperature  profile by Crocco's relation. 

Reference 3 the following quantity is obtained: 

F r o m  

where Tb is the stagnation temperature of the base region and Toa is the 

stasnation temperature  of the inviscid f r ee  s t r eam.  B y  writing the energy 

7 



equation in t e r m s  of the Crocco Number C, where C is defined as 

and since P/P2a = TZa/T for a constant p re s su re  mixing process ,  the 

energy equation can now be writ ten a s  
2 

p T2a 1 - C2a - = -  = 
P2a T A -  

v- COORDINATE SHIFT 

The coordinate shift, ym, can be determined by writing a 

momentum balance below the s st reamline between the corner  and another 

downstream section. 

and in dimensionless coordinates, 

and 

The s s t reamline has been taken to  be in the inviscid portion of the flow 

fie16 <<>  that qm is large enough for 9, - 1 .  

JET SOUNDARY STREAMLINE 

A jet boundary s t reamline,  j ,  can now be found which separa tes  

the m a s s  originally flowing a t  the separation corner  f rom that entrained 

f rom the dead a i r  region. Writing the continuity equation between the 

8 



I: 
corner  and a downstream location f o r  m a s s  between s t reamlines  s and j 

resul ts  in 

Transforming coordinate sys tems and using Equations 9 and 10, 

d? * 
r"" + d q =  fs + 2  

A - c 6  +2 
-a3 

J A - cia +2 

"j 

2 q. can be found for a given Tb/Toa and Cza, and f rom ea r l i e r  definitions, 

remembering that 
J 

1 + j  = z (1 t er f  q.) . J 

MASS F L O W  RATE 

The m a s s  flowing per  unit width between the j st reamline and any 

other s t reamline d is given by 

When the d s t reamline is the reattaching s t reamline,  Gd is the mass 

added to the dead a i r  region. The integrals in Equations 13 and 14 a r e  

of two types: 

9 
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"j --aD 

and 

where  

X<:uations 15 and 1 7  can  be expressed as 

w h e r e  the subscript  indicates the upper limit of the integral. 

have been calculated on a digital computer for the isoenergetic case  ( A  = 1)  

pnd a r e  available in  Reference 14. 

integrals  are given graphically in Reference 4. 

11 and Iz 

F o r  changing values of Tb/Toa, these 

10  



ENERGY TRANSFER 

Energy is t ransfer red  across  the j s t reamline in  the mixing region 

f rom the f r e e  s t r e a m  to the dead air  region by shear  work, heat conduction, 

and heat convection. 

c a r r y  energy into the dead air region. 

width crossing section x = 0 is 

Mass flowing between s t reamlines  j and d can  a l so  

The total  amount of energy pe r  unit 

and the total  amount of energy per  unit width crossing section x = x is 

Therefore ,  the net r a t e  of energy t ransfer red  pe r  unit width by shear  work 

and heat t ransfer  ac ross  the j s t reamline between x = 0 and x = x is the 

difference between the two previous equations o r  

- R y  i z ~ i z g  prelriollnly defined and/or derived expressions,  n, - can be re- 

wri t ten in the following way: multiply by 62/62 and change the variable of 

integration, remembering that = y/ 6 2 

multiply b y  (z) (5) and again change the variable of integration, 

r:-ilembering that 
U = 5 qp and + = - 

uza 

11 
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& O  p Tza - -= A and for  constant p r e s s u r e  mixing, - = - 
Toa P z a  T 

2 

Y (Reference 3 )  and a s  defined ea r l i e r ,  r) = 5 qp and 5 = - T 2a 1 - Cza - -  - 
-1 - cta +’ 6 2  

T 

m 

and finally, 

1 2  



E can also be writ ten as 

o r  by using Equation 12, 

where 

E and 1 3  a r e  graphically represented i n  Reference 4. 

The ra te  of energy per  unit width ca r r i ed  into the base  region by 

mass flowing between the j and d streamlines is 

y d 

a d =  puCpT,  dy . 

By the same  procedure as before Bd can  be put into the following form: 

The total  ra te  of energy added pe r  unit width to  the enclosed base  

region from the outside fiow ib: 

13 
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F o r  the case  considered, i. e.  , flow over a back step,  there  is 

no secondary flow. 

Gd = 0, and the ra te  of energy car r ied  into the base region by m a s s  flowing 

between the j and d s t reamlines  is 0. 

width to  the base  region now becomes only !& or  

Consequently, the j and d s t reamlines  a r e  identical, 

The r a t e  of energy added per  unit 

This is Kors t ' s  basic method for  calculating heat t ransfer  to  the base  

region. 

culating flow. 

It does not attempt to account for  the resis tance of the r e c i r -  

REFLECTED IMAGE APPROXIMATION 

In order  to calculate the heat t ransfer  to  the base of the step,  the 

relationship between bulk temperature,  Tb, and wall temperature ,  Tw, 

must  be known. 

is  not available. However, reasonable resu l t s  have been obtained by 

utilizing a ref lected image approximation1 2. 

r eve r sed  flow as a reflected image of the f r e e  turbulent j e t  (F igure  3).  

B y  using this approximation the normal boundary condition of ze ro  velocity 

a t  the wall is violated, but the added mathematical  complexity involved in 

using this boundary condition would prohibit a closed solution to the prob- 

lem.  

m a s s  flow. Therefore,  

At the present  t ime an exact expression for this relation 

This method t r ea t s  the 

The mass  flow through the reflected image equals the actual reversed  

Als 0 ,  

Tw Tb Tw Tb Tb Tb Tb To, 
Toa To, Tb To, Toj To, To, Toj 
- = -  - = -  - = - - -  

14 
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and f rom Equation 11, 

A=-  T Tb t ( l - - ) + j  Tb . 
Toa Toa Toa 

Substituting this equation into Equation 19 yields 

TW 
Tea 
- 

HEAT TRANSFER CALCULATION 

In calculating the heat t ransfer  to  the base  of the step,  two 

resis tances  ( see  Figure 3)  must  be recognized; that of the f r e e  je t  mixing 

region and the recirculating flow. The flow which actually comes  into 

contact with the base  wall is the recirculating flow, but i t  is in contact 

fo r  only a short  portion of its total path. The total  flow path of the r e -  

circulated flow includes its reversa l  at the point of recompression, its 

flow back along the axis of symmetry,  and its flow along the base  wall. 

The bulk tempera ture  between the centerline and the f r e e  s t r e a m  

is assumed to be that of the f r e e  s t ream,  and the bulk temperature  

between the wall and the f r e e  s t r eam is calculated by the reflected image 

approximation. The average bulk temperature  that is used in  making the 

k e ~ t  t r - . n c f e r  ca.1clilatinns is found bv averaging the two previous values 

with respect  to their  path lengths using the following relationships: 

where 

h 
2 ’  

A = -  

16 



I: a *  

I 
I 
I 
I 

h/ 2 
sin 8 

B t A = -  

and 8 i s  the s t reamline angle. F rom Equations 30, 31, and 32, 

m 

Equation 29 can  now be  writ ten as 

(33) 

Since we a r e  concerned about steady s ta te  heat t ransfer ,  the heat 

t ransfer  ra te  to the wall must  equal the heat t ransfer  ra te  through the 

mixing region. The heat t ransfer  ra te  ac ross  the mixing region has a l -  

ready been calculated by  Korst 's  energy integral  method and is given by 

Equation 22. 

evaluating Equation 22. 

heat t r ans fe r  to the base of a s tep given various combinations of the 

pa rame te r s  of the flow field. 

Reference 4 provides graphs and tables necessa ry  for 

Therefore, there  is now a way to calculate the 

17 



COMPARISON O F  CALCULATED VALUES 
WITH MEASURED VALUES 

Experimental  resu l t s  for the physical model described by this 
ana.!ysis were  found in  repor t s  by the Royal Aircraf t  Establishment 6 , 

the University of Minnesota1, and the General  Applied Science Labo- 

ra tor ies ,  Inc. 8, 9.  

which were  obtained by using both the Korst  method and the technique 

suggested by Page and Dixon. 

pr imar i ly  for  laminar flow, and since this report  is concerned with turbulent 

je t  mixing the Chapman analysis could not be =sed. 

method was found to  give values that were  substantially l a rge r  than the 

measured  values, and for  this reason, these resul ts  a r e  not discussed 

fur ther .  The technique developed by Page and Dixon was found to  give 

m o r e  reasonable resul ts  when compared to  experimental data and con- 

sequently this is the technique described and used in  this report .  (The 

method suggested by Page and Dixon is basically Korst ' s  method, except 

that it includes a technique that attempts to  account for the resis tance of 

the recirculating flow. ) Also, better resu l t s  were  obtained when the je t  

spreading parameter  (IT) suggested by References 11 and 12, and given by 

Equation 8, was used instead of Equation 7 originally suggested by Korst  

and used by Page and Dixon. 

These resul ts  were compared with calculated values 

The analysis by Chapman was developed 

In all cases  the Korst  

The data f rom the Royal Aircraft  Establishment is shown in  

I l7: A 5 u A u  - . . _ A  1. T h  ~rfi~.a.l flnw model used in  these tes t s  was a wedge (15" 

semi-apex angle), so the f r e e  s t r eam Mach number of M, = 2. 9 is that 

of the s t r e a m  after accounting for the oblique shock and Prandt l  Meyer 

expansion caused by the wedge angle. 

for  calculating the je t  mixing coefficient (u) were  used and the resu l t s  

indicate ( a s  mentioned ea r l i e r )  that Equation 8 will give resul ts  c loser  

to  experimental  values. 

Both methods (Equations 7 and 8)  

18 
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Figure 5 presents  data f rom the University of Minnesota. 

calculated values a r e  in all cases  larger  than those measured, but both 

show the same trend. As before, the je t  mixing coefficient calculated by 

Equation 8 will give resul ts  c loser  to experimental values than those cal- 

culated by Equation 7. 

The 

The resul ts  f rom the GASL data a r e  presented in Figure 6. How- 

ever ,  the stagnation pressure  (Poa) of this data was not the same  for  all 

values of Tw/Toa. 

pare ,  since the heat t ransfer  ra te  is a function of Poa. Also, since the 

model GASL used in obtaining their  resul ts  was a cylinder 3. 6 inches in 

diameter ,  the flow field is axisymmetric and not a plane two-dimensional 

flow. However, even with these problems the calculated values show the 

same  trend a s  the measured and give an  order  of magnitude estimate of 

the heat t ransfer .  

This variation in Po, makes the data difficult to com- 

20 
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CONCLUSIONS 

The heat t ransfer  method suggested by Page and Dixon and 

modified by using the je t  spreading parameter  given by Equation 8 

instead of Equation 7 will give better values for the base  or back step 

;,('at t ransfer  ra te  in separated,  supersonic flow than any other method 

investigated. 

w i t h  calculated values, the theory predicted values g rea t e r  than meas-  

ured values. 

forward it can be useful for providing good est imates .  

to the oversimplification of the flow field and a basic  lack of under- 

standing of the physical phenomenon involved, this theory w i l l  not 

provide accuracy any better than about 50%. 

be conservative. 

In every instance where measured  data was compared 

Since this technique is relatively simple and straight- 

However, due 

The e r r o r  should always 

2 3  
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